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Physical unitarity for a massive Yang-Mills theory without the Higgs field:
A perturbative treatment
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In a series of papers, we examine the physical unitarity in a massive Yang-Mills theory without the
Higgs field in which the color gauge symmetry is not spontaneously broken and kept intact. For this
purpose, we use a new framework proposed in the previous paper Kondo [arXiv:1208.3521] based
on a nonperturbative construction of a non-Abelian field describing a massive spin-one vector boson
field, which enables us to perform the perturbative and nonperturbative studies on the physical
unitarity. In this paper, we present a new perturbative treatment for the physical unitarity after
giving the general properties of the massive Yang-Mills theory. Then we reproduce the violation of
physical unitarity in a transparent way. This paper is a preliminary work to the subsequent papers
in which we present a nonperturbative framework to propose a possible scenario of restoring the
physical unitarity in the Curci-Ferrari model.
PACS numbers: 12.38.Aw, 21.65.Qr
I. INTRODUCTION
In the Yang-Mills theory [1] and quantum chromody-
namics (QCD) for strong interactions, both the renor-
malizability and the physical unitarity are satisfied, as
demonstrated first in [2]. Moreover, it is also known
that the massive Yang-Mills theory satisfies both the
renormalizability and the physical unitarity [3], if the
local gauge invariance is spontaneously broken by the
Higgs field [4] and the gauge field acquires the mass
through the Higgs mechanism by absorbing the Nambu-
Goldstone particle associated with the spontaneous sym-
metry breakdown. In other words, both the renormaliz-
ability and the physical unitarity survive the spontaneous
breaking of the gauge symmetry.
It is a long-standing problem [5–15] to clarify whether
it is possible or not to construct a massive Yang-Mills
model blessed with both the physical unitarity and the
renormalizability without the Higgs fields, in which the
local gauge symmetry is not spontaneously broken. Here
the Lagrangian is assumed to be written in polynomials
of the fields (we exclude the nonpolynomial type [12] from
our discussions). We are anxious to find such a model for
understanding the mass gap and confinement caused by
the strong interactions [16–20], since the Higgs field does
not exist and the color gauge symmetry is kept intact
in QCD. Indeed, there are continued attempts to look
for an alternative way to describe massive non-Abelian
gauge fields without the Higgs field [5–14]. However, all
these efforts were unsuccessful in coping with both renor-
malizability and unitarity very well: In all the models
proposed so far for the massive Yang-Mills theory with-
out the Higgs fields, it seems that the renormalizability
and the physical unitarity are not compatible with each
other, although there are some models which satisfy ei-
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ther the renormalizability or the physical unitarity. See
[13, 14] for reviews and [15] for later developments.
For this purpose, we start once again from the Curci-
Ferrari (CF) model [8], which is a massive extension of
the massless Yang-Mills theory in the most general renor-
malizable gauge having both the Becchi-Rouet-Stora-
Tyutin (BRST) and anti-BRST symmetries [21]. In pre-
ceding studies for the CF model [8–11], the CF model
is proved to be renormalizable, whereas the CF model
has been concluded to violate physical unitary [9–11].
However, the preceding studies are restricted to consid-
erations in the perturbation theory. We need a nonper-
turbative framework to draw a definite conclusion to this
issue.
In a previous paper [22], therefore, we have presented
a nonperturbative construction of a massive Yang-Mills
field Kµ which describes a non-Abelian massive spin-one
vector boson with the correct physical degrees of freedom
without the Higgs field [4]. This is achieved by finding a
nonlinear but local transformation from the original fields
in the CF model to the physical massive vector field Kµ
which is invariant under the modified BRST and anti-
BRST transformation. As an application, we have writ-
ten down a local mass term for the Yang-Mills field and
a dimension-two condensate, which are exactly invari-
ant under the modified BRST transformation, Lorentz
transformation and color rotation. The resulting mas-
sive Yang-Mills model is regarded as a low-energy effec-
tive theory of QCD, which enables us to understand the
decoupling solution [17] characterizing the deep infrared
regime responsible for color confinement [23, 25].
In a series of papers, we give the perturbative and non-
perturbative studies on the physical unitarity [26] in the
massive Yang-Mills theory constructed in the previous
paper [22]. In the ordinary massless Yang-Mills theory,
the physical unitarity is a first step of understanding color
confinement [23]: In the intermediate state, the contri-
butions from the unphysical gauge modes, i.e., the longi-
tudinal and scalar modes are exactly canceled by those
of the ghost and antighost, which is a special case of the
2quartet mechanism [24]. We clarify how the situation
changes in the massive case. Moreover, we clarify the
reason for failures of the preceding attempts from our
viewpoint.
This paper is the first of the planned papers for dis-
cussing the perturbative and nonperturbative physical
unitarity in the massive Yang-Mills theory without the
Higgs field. In this paper we present a new perturba-
tive treatment for the physical unitarity after reviewing
the general properties of the massive Yang-Mills theory.
Then we reproduce the violation of physical unitarity in
a transparent way. In subsequent papers, we present a
nonperturbative framework to discuss a possible scenario
of restoring the physical unitarity in the massive Yang-
Mills theory.
Finally, we mention the difference between the unitar-
ity and physical unitarity of the scattering matrix from
our point of view. For the tree-level scattering amplitude
between two longitudinally polarized vector bosons, it is
known [27–29] that the scattering probability as a func-
tion of the energy E becomes greater than 1 above a crit-
ical value Ec, since the amplitude grows with the energy
E like g2E2/M2 where M is the mass of the vector bo-
son and g is the coupling constant for the self-interactions
among vector bosons. This implies that the perturbative
unitarity breaks down in high-energy E ≥ Ec. There-
fore, for the perturbative unitarity to be satisfied, the
energy must be restricted to low-energy E < Ec, which
is called the unitarity bound. (The violation of the uni-
tarity condition for the scattering amplitude in high en-
ergy is understood from the Nambu-Goldstone equiva-
lence theorem [29] and the low-energy theorem.) In the
Higgs sector of weak interactions in the standard model,
the Higgs particle exists and the exchange of the Higgs
particle affects the amplitude so that the amplitude ap-
proaches a constant at energies far above the Higgs pole.
Consequently, the Higgs mass must be less than an up-
per bound. If such new physical degrees of freedom do
not exist, this behavior is not modified and the unitarity
violation in high energy cannot be avoided in the mas-
sive Yang-Mills theory, since the Nakanishi-Lautrup (NL)
auxiliary field can be integrated out and the ghosts can
play no role in the tree-level amplitude. In our works,
we regard the CF model as a low-energy effective the-
ory of the Yang-Mills theory to be valid in the region
E < Ec for discussing color confinement. We restrict our
examination on the physical unitarity to a sufficiently
low-energy region below a few GeV to evade the unitar-
ity violation and consider only the physical unitarity, i.e.,
unphysical mode cancellation in our papers. Therefore,
the well-known fact about the unitarity violation in the
above does not contradict our research on the physical
unitarity.
This paper is organized as follows.
In section II, we introduce a massive Yang-Mills the-
ory without the Higgs field and define the CF model as
a special case. The CF model is not invariant under the
usual BRST and anti-BRST transformations. However,
the CF model can be made invariant by modifying the
BRST and anti-BRST transformations. The cost of in-
troducing the mass term is the violation of nilpotency of
the modified BRST and anti-BRST transformations. We
point out an important fact that even the modified BRST
(anti-BRST)-invariant quantity depends on a parameter
β in the M 6= 0 case. This should be compared with
the M = 0 case, in which β is a gauge-fixing parameter
and the BRST-invariant quantity does not depend on β,
which means that the physics does not depend on β in
the M = 0 case. This is not the case for M 6= 0.
In section III, we summarize the result obtained in the
previous paper [22] on a nonperturbative construction of
a non-Abelian massive Yang-Mills field Kµ under the re-
quirements which guarantee (i) the modified BRST (and
anti-BRST) invariance, (ii) correct degrees of freedom
for describing a massive spin-one particle, and (iii) the
expected transformation rule under color rotation. We
write down the massive vector field explicitly in terms
of the original Yang-Mills field, the Faddeev-Popov (FP)
ghost field, antighost field and the NL field in the CF
model.
In section IV, we give a perturbative framework of the
CF model in terms of the new field variable Kµ. We give
the Feynman rules up to the order g.
In section V, we check the physical unitarity in the
massless Yang-Mills theory. Using a simple example,
it is demonstrated in the lowest order of perturbation
theory that the physical unitarity follows from the can-
cellation among unphysical modes: the longitudinal and
scalar modes of the Yang-Mills field together with the FP
ghost and antighost.
In section VI, we review a conventional argument for
the violation of physical unitarity in the massive Yang-
Mills theory without the Higgs field. Using a simple ex-
ample corresponding to the previous section, we show
that the violation of physical unitarity follows from the
incomplete cancellation among unphysical modes: the
scalar mode with the FP ghost and antighost.
In section VII, we begin with a new analysis on the
physical unitarity of the CF model based on a novel
framework using the field Kµ given in section III. In this
section, we give a new perturbative analysis using the
result of section V. We confirm that the physical unitar-
ity is indeed violated in the CF model in the framework
of the perturbation theory in the coupling constant. It
is easily seen that the violation of physical unitarity fol-
lows from the incomplete cancellation among unphysical
modes: the NL field (corresponding to the scalar mode)
with the FP ghost and antighost. We discuss how to
avoid the violation of physical unitarity within the per-
turbative framework.
In the final section, we summarize the results and men-
tion the perspective on the next work.
In Appendix A, we calculate the Jacobian associated
with the change of variables from the original CF model
to the new theory written in terms of new variables. In
Appendix B, the Feynman rules are given up to the next
3order g2, with which we supplement the results of section
V.
II. THE CURCI-FERRARI MODEL AND THE
MODIFIED BRST TRANSFORMATION
In order to look for a candidate of the massive Yang-
Mills theory without the Higgs field, we start from the
usual massless Yang-Mills theory in the most general
Lorentz gauge formulated in a manifestly Lorentz covari-
ant way. The total Lagrangian density is written in terms
of the Yang-Mills field Aµ, the FP ghost field C , the
antighost field C¯ and the NL field N . As a candidate
of the massive Yang-Mills theory without the Higgs field,
we add the “mass term” Lm:
L totmYM =LYM +LGF+FP +Lm, (1a)
LYM =− 1
4
Fµν ·Fµν , (1b)
LGF+FP =
α
2
N ·N + β
2
N ·N
+N · ∂µAµ − β
2
gN · (iC¯ × C )
+ iC¯ · ∂µDµ[A ]C
+
β
4
g2(iC¯ × C ) · (iC¯ × C )
=N · ∂µAµ + iC¯ · ∂µDµ[A ]C
+
β
4
( ¯N · N¯ +N ·N ) + α
2
N ·N , (1c)
Lm =
1
2
M2Aµ ·A µ + βM2iC¯ · C , (1d)
where α and β are parameters corresponding to
the gauge-fixing parameters in the M → 0 limit,
Dµ[A ]C (x) := ∂µC (x) + gA (x) × C (x), and
¯N := −N + giC¯ × C . (2)
The α = 0 case is the CF model with the coupling
constant g, the mass parameter M and the parameter β.
In the Abelian limit with vanishing structure constants
fABC = 0, the FP ghosts decouple and the CF model
reduces to the Nakanishi model [30].
In what follows, we restrict our considerations to the
α = 0 case. In the α = 0 case, LYM + LGF+FP is con-
structed so as to be invariant under both the usual BRST
transformation:


δAµ(x) = Dµ[A ]C (x)
δC (x) = − g2C (x) × C (x)
δC¯ (x) = iN (x)
δN (x) = 0
, (3)
and anti-BRST transformation:

δ¯Aµ(x) = Dµ[A ]C¯ (x)
δ¯C¯ (x) = − g2 C¯ (x)× C¯ (x)
δ¯C (x) = iN¯ (x)
δ¯N¯ (x) = 0
. (4)
Indeed, it is checked that
δLYM = 0, δLGF+FP = 0, (5)
δ¯LYM = 0, δ¯LGF+FP = 0. (6)
This is not the case for the mass term Lm, i.e.,
δLm 6= 0. (7)
Even in the presence of the mass term Lm, however,
the total Lagrangian L totmYM can be made invariant by
modifying the BRST transformation [8]: δ′BRST = λδ
′
with a Grassmannian number λ and

δ
′Aµ(x) = Dµ[A ]C (x)
δ′C (x) = − g2C (x)× C (x)
δ′C¯ (x) = iN (x)
δ′N (x) =M2C (x)
. (8)
The modified BRST transformation deforms the BRST
transformation of the NL field and reduces to the usual
BRST transformation in the limit M → 0. It should be
remarked that δ′L totmYM = 0 follows from
0 = δ′(LGF+FP +Lm), (9)
while
δ
′Lm 6= 0, δ′LGF+FP 6= 0. (10)
Similarly, the total action is invariant under a modified
anti-BRST transformation δ¯′ defined by

δ¯′Aµ(x) = Dµ[A ]C¯ (x)
δ¯′C¯ (x) = − g2 C¯ (x)× C¯ (x)
δ¯
′C (x) = iN¯ (x)
δ¯′ ¯N (x) = −M2C¯ (x)
, (11)
which reduces to the usual anti-BRST transformation in
the limit M → 0. It is sometimes useful to give another
form:
δ
′N¯ (x) =gN¯ (x) × C (x) −M2C (x),
δ¯
′N (x) =gN (x) × C¯ (x) +M2C¯ (x). (12)
Moreover, the path-integral integration measure
DA DCDC¯DN is invariant under the modified BRST
transformation. Indeed, it has been shown in [22] that
the Jacobian associated to the change of integration vari-
ables Φ(x)→ Φ′(x) = Φ(x)+λδ′Φ(x) for the integration
measure is equal to one.
4However, the modified BRST transformation violates
the nilpotency when M 6= 0:

δ′δ′Aµ(x) = 0,
δ
′
δ
′C (x) = 0,
δ′δ′C¯ (x) = iδ′N (x) = iM2C (x) 6= 0,
δ′δ′N (x) =M2δ′C (x) = −M2 g2C (x)× C (x) 6= 0.
(13)
The nilpotency is violated also for the modified anti-
BRST transformation when M 6= 0:

δ¯′δ¯′Aµ(x) = 0,
δ¯′δ¯′C¯ (x) = 0,
δ¯′δ¯′C (x) = iδ¯′ ¯N (x) = −iM2C¯ (x) 6= 0,
δ¯
′
δ¯
′ ¯N (x) = −M2δ¯′C¯ (x) =M2 g2 C¯ (x)× C¯ (x) 6= 0.
(14)
In the limit M → 0, the modified BRST and anti-
BRST transformations reduce to the usual BRST and
anti-BRST transformations and become nilpotent.
Moreover, it is checked that the modified BRST and
modified anti-BRST transformations no longer anticom-
mute in the M 6= 0 case:

{δ′, δ¯′}Aµ(x) = 0,
{δ′, δ¯′}C (x) = −iM2C (x),
{δ′, δ¯′}C¯ (x) = iM2C¯ (x),
{δ′, δ¯′}N (x) = 0.
(15)
In the limit M → 0, the anticommutativity is recovered,
{δ′, δ¯′} → 0.
Let W be the generating functional of the connected
Green functions defined from the vacuum functional Z[J ]
with the source J for an operator O as a functional of Φ:
eiW [J] := Z[J ] :=
∫
DA DCDC¯DN
× exp
{
iStotmYM + i
∫
dDxJ(x) ·O(x)
}
.
(16)
Then the derivative of W with respect to β is given by
∂W [J ]
∂β
=
1
i
∂ lnZ[J ]
∂β
=
1
i
Z[J ]−1
∂Z[J ]
∂β
=
〈∂StotmYM
∂β
〉
J
,
(17)
where
∂StotmYM
∂β
=
∫
dDx
[
iδ′δ¯′
(
1
2
iC¯ · C
)
+
1
2
M2iC¯ · C
]
.
(18)
This follows from the fact that LGF+FP+Lm is written
as [22]
LGF+FP +Lm =iδ
′
δ¯
′
(
1
2
A µ ·Aµ + β
2
iC¯ · C
)
+
β
2
M2iC¯ · C + 1
2
M2Aµ ·A µ. (19)
If we require the modified BRST invariance of the vac-
uum:
Q′BRST|0〉 = 0, (20)
we find the β dependence of W [J ]:
∂W [J ]
∂β
=
∫
dDx
1
2
M2〈iC¯ (x) · C (x)〉J 6= 0. (21)
Therefore, for M 6= 0, W [J ] depends on the parameter
β. This result should be compared with the M = 0 case,
in which β is a gauge fixing parameter and hence W [J ]
should not depend on β. In theM = 0 case, any choice of
β gives the same W [J ]. However, this is not the case for
M 6= 0. The β dependence of the CF model was pointed
out also in [31] using different arguments.
III. DEFINING A MASSIVE YANG-MILLS
FIELD
We require the following properties to construct a non-
Abelian massive spin-one vector boson field Kµ(x) in a
nonperturbative way:
(i) Kµ has the modified BRST invariance (off mass
shell):
δ
′Kµ = 0. (22)
(ii) Kµ is divergenceless (on mass shell):
∂µKµ = 0. (23)
(iii) Kµ obeys the adjoint transformation under the
color rotation:
Kµ(x)→ UKµ(x)U−1, U = exp[iεAQA], (24)
which has the infinitesimal version:
δKµ(x) = ε×Kµ(x). (25)
The field Kµ is identified with the non-Abelian version of
the physical massive vector field with spin one, as ensured
by the above properties. Here (i) guarantees that Kµ be-
long to the physical field creating a physical state with
positive norm. (ii) guarantees that Kµ have the correct
degrees of freedom as a massive spin-one particle, i.e.,
three in the four-dimensional spacetime, i.e., two trans-
verse and one longitudinal modes, excluding one scalar
mode. (iii) guarantees that Kµ obey the same transfor-
mation rule as that of the original gauge field Aµ
We observe that the total Lagrangian of the CF model
is invariant under the (infinitesimal) global gauge
transformation or color rotation defined by
δΦ(x) := [εCiQC ,Φ(x)] = ε× Φ(x),
for Φ = Aµ,N ,C , C¯ , (26)
δϕ(x) := [εCiQC , ϕ(x)] = −iεϕ(x), (27)
5where ϕ is a matter field, which is also written as
δΦA(x) = fABCεBΦC(x),
δϕa(x) = −iεA(TA) ba ϕb(x) = −iεA(TAϕ)a, (28)
where the conserved Noether charge QA :=
∫
d3xJ 0,Acolor
obtained from the color current J 0color is called the color
charge and is equal to the generator of the color rotation.
It has been shown [22] that such a field Kµ is obtained
by a nonlinear but local transformation from the original
fields Aµ, C , C¯ and N of the CF model:
Kµ :=Aµ −M−2∂µN − gM−2Aµ ×N
+ gM−2∂µC × iC¯ + g2M−2(Aµ × C )× iC¯ .
(29)
In the Abelian limit or the lowest order of the coupling
constant g, Kµ reduces to the Proca field for massive
vector:
Kµ → Aµ − 1
M2
∂µN := Uµ. (30)
It should be remarked that Uµ is invariant under the
Abelian version of the modified BRST, but it is not in-
variant under the non-Abelian modified BRST transfor-
mation.
The new field Kµ is converted to a simple form:
Kµ(x) = Aµ(x) +
1
M2
iδ′δ¯′Aµ(x). (31)
It has been explicitly shown in [22] that the field Kµ
defined by (29) or (31) satisfies all the above properties.
The field Kµ plays the role of the non-Abelian massive
vector field and is identified with a non-Abelian version
of the spin-one massive vector field. Equation (29) gives
a transformation from Aµ,N ,C and C¯ to Kµ.
As an immediate application of the above result, we
can construct a mass term which is invariant simultane-
ously under the modified BRST transformation, Lorentz
transformation and color rotation:
1
2
M2Kµ(x) ·K µ(x). (32)
This can be useful as a regularization scheme for avoid-
ing infrared divergences in non-Abelian gauge theories.
Moreover, we can obtain a dimension-two condensate
which is modified BRST invariant, Lorentz invariant, and
color-singlet:
〈Kµ(x) ·K µ(x)〉. (33)
This dimension-two condensate is off-shell (modified)
BRST invariant and should be compared with the
dimension-two condensate proposed in [32, 33]:〈1
2
Aµ(x) ·A µ(x) + βC (x) · C¯ (x)
〉
, (34)
which is only on-shell BRST invariant.
The original CF Lagrangian L totmYM[Aµ,C , C¯ ,N ] is
written in terms of Aµ,C , C¯ and N . The new theory
is specified by L totmYM[Kµ,C , C¯ ,N ] written in terms of
Kµ,C , C¯ and N with the symmetry:

δ′Kµ(x) = 0
δ′C (x) = − g2C (x)× C (x)
δ′C¯ (x) = iN (x)
δ′N (x) =M2C (x)
. (35)
IV. PERTURBATIVE FRAMEWORK OF THE
MASSIVE YANG-MILLS THEORY
Equation (29) gives a transformation from Aµ,C , C¯
and N to Kµ. In order to write explicitly the non-
Abelian massive Yang-Mills theory without the Higgs
field, we rewrite the original Lagrangian written in terms
of Aµ,N ,C and C¯ into the new Lagrangian written in
terms of Kµ,N ,C and C¯ . For this purpose, we need
the inverse transformation of (29), namely Aµ as a func-
tion of Kµ,N ,C and C¯ . But the inverse transformation
cannot be given in a closed form, since (29) is a nonlin-
ear transformation. In order to perform the perturbative
calculation, it is sufficient to know the order by order ex-
pression of the inverse transformation. By using (29) in
the form:
Aµ =Kµ +M
−2∂µN + gM
−2Aµ ×N
− gM−2∂µC × iC¯ − g2M−2(Aµ × C )× iC¯ , (36)
we find that the right-hand side contains the order g0, g1
and g2 terms. By iterative procedures, we obtain
Aµ =Kµ +M
−2∂µN − gM−2iC¯ × ∂µC
+ gM−2Kµ ×N + gM−4∂µN ×N +O(g2).
(37)
The propagator of Kµ is obtained from the order g0
terms, i.e., Aµ = Kµ +
1
M2
∂µN , as in the Abelian case,
and hence the propagator is not modified from the Proca
case. However, the vertex functions among Kµ,C , C¯ and
N in the massive theory are modified by the order g1
terms from those of Aµ,C , C¯ and N in the original the-
ory. This fact has been overlooked in all the preceding
studies. The preceding works [5–11] are based on the
observation that the vertices in the massive case are the
same as the massless case. However, this observation is
correct only if the relationship between the original field
Aµ to the massive field Kµ is linear as in the Abelian
case. This is not the case in the non-Abelian case, as our
construction of the massive field Kµ clearly shows. The
vertices in the massive theory are modified in terms of
the vector field Kµ in addition to the FP ghost, the FP
antighost and the NL field. For the correct identification
of the massive vector field Kµ, one needs the FP ghost,
the FP antighost and the NL field, in addition to the
6original Yang-Mills field Aµ. This could be a loophole
of avoiding the results of the preceding analyses for the
violation of physical unitarity. It is checked if this is true
or not.
To check the physical unitarity in the nontrivial lowest
order in the perturbation with respect to the coupling
constant g, the original Lagrangian L totmYM is rewritten
order by order of the coupling constant g as follows.
LCF = L0 +L1 +O(g
2), (38)
L0 =− 1
4
(∂µKν − ∂νKµ)2 + 1
2
M2Kµ ·K µ
− 1
2M2
(∂µN )2 +
β
2
N ·N
− i∂µC¯ · ∂µC + βM2iC¯ · C , (39)
L1 =− g
2
(∂µKν − ∂νKµ) · (K µ ×K ν)
+
g
2M4
(∂µKν − ∂νKµ) · (∂µN × ∂νN )
− g
M2
Kµ · (N × ∂µN )
+
g
2M2
(∂µKν − ∂νKµ) · (i∂µC¯ × ∂νC
− i∂νC¯ × ∂µC )
− gKµ · (iC¯ × ∂µC ) + gKµ · (i∂µC¯ × C )
+
g
M2
∂µN · (i∂µC¯ × C )− g β
2
N · (iC¯ × C ).
(40)
The Feynman rules are given up to three-point vertices
of O(g) as follows.
Propagators (Fig. 1)
(a) Massive vector propagator 〈K Aµ (k)K Bν (−k)〉
− i
k2 −M2 + iε
(
gµν − kµkν
M2
)
δAB (41)
(b) FP ghost propagator 〈CA(k)C¯B(−k)〉
− i
k2 − βM2 + iεδ
AB = ∆AB(k). (42)
(c) NL (auxiliary) field propagator 〈N A(k)N B(−k)〉
− iM
2
k2 − βM2 + iεδ
AB. (43)
Three-point vertices (Fig. 2)
(d) K K K vertex 〈K Aµ (k1)K Bν (k2)K Cρ (k3)〉
−igfABCVµνρ(k1, k2, k3), (44)
with
Vµνρ(k1, k2, k3) :=(k1 − k2)ρgµν + (k2 − k3)µgνρ
+ (k3 − k1)νgρµ. (45)
K
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
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C
A

C
B
k
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N
A
N
B
k
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)
FIG. 1: Feynman rules for propagators: (a) massive vector
propagator, (b) FP ghost propagator, (c) NL field propagator.
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FIG. 2: Feynman rules for three-point vertex functions: (d)
K K K vertex, (e) K CC¯ vertex, (f) K N N vertex, (g)
N C C¯ vertex.
(e) K CC¯ vertex 〈C¯A(k1)CB(k2)K Cρ (k3)〉
− igfABC{M−2[k1ρ(k2 · k3)− k2ρ(k1 · k3)]
+ k1ρ − k2ρ}. (46)
(f) K N N vertex 〈N A(k1)N B(k2)K Cρ (k3)〉
igM−2fABC{M−2[k1ρ(k2 · k3)− k2ρ(k1 · k3)]
+ k1ρ − k2ρ}. (47)
(g) N C C¯ vertex 〈C¯A(k1)CB(k2)N C(k3)〉
igfABC [M
−2k1 · k3 − β/2]. (48)
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FIG. 3: Feynman rules for propagators: (a) massive vector
propagator, (b) FP ghost propagator, (c) NL field propagator,
(d) cross propagator.
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FIG. 4: Feynman rules for three-point vertex functions: (e)
A A A vertex, (f) A C C¯ vertex.
These rules should be compared with the following
Feynman rules for the original Lagrangian.
Propagators (Fig. 3)
(a) Vector propagator 〈A Aµ (k)A Bν (−k)〉
− i
k2 −M2 + iε
(
gµν − kµkν
k2 + iε
)
δAB
− iβ
k2 − βM2 + iε
kµkν
k2 + iε
δAB = DABµν (k). (49)
(b) FP ghost propagator 〈CA(k)C¯B(−k)〉
− i
k2 − βM2 + iεδ
AB. (50)
(c) NL field propagator 〈N A(k)N B(−k)〉
iM2
k2 − βM2 + iεδ
AB. (51)
(d) The cross propagator 〈A Aµ (k)N B(−k)〉
−kµ
k2 − βM2 + iεδ
AB. (52)
Three-point vertices (Fig. 4)
(e) A A A vertex 〈A Aµ (k1)A Bν (k2)A Cρ (k3)〉
− igfABCVµνρ(k1, k2, k3), (53)
(f) A C C¯ vertex 〈C¯A(k1)CB(k2)A Cρ (k3)〉
igfABCk1ρ. (54)
From the relation,
Aµ = Kµ +
1
M2
∂µN +O(g), (55)
we find
〈Aµ(x)Aν(y)〉
=〈(Kµ(x) +M−2∂µN (x))(Kν (y) +M−2∂νN (y))〉
=〈Kµ(x)Kν(y)〉+M−2〈Kµ(x)∂νN (y)〉
+M−2〈∂µN (x)Kν(y)〉+M−4〈∂µN (x)∂νN (y)〉,
(56)
which has the Fourier transform:
〈A˜ Aµ (k)A˜ Bν (−k)〉
=〈K˜ Aµ (k)K˜ Bν (−k)〉+ ikνM−2〈K Aµ (−k)N B(k)〉
− ikµM−2〈N A(k)K Bν (−k)〉
+M−4kµkν〈N A(k)N B(−k)〉
=iδAB
[
− gµν −
kµkν
M2
k2 −M2 + iǫ −
kµkν
M2
k2 − βM2 + iǫ
]
, (57)
where we have used (41) and (49) and the fact that there
are no mixing propagators:
〈K Aµ (−k)N B(k)〉 = 0 = 〈N A(k)K Bν (−k)〉. (58)
Thus the original gluon two-point function or propagator
is decomposed into the spin-one and spin-sero parts.
Another expression for the propagator is the manifestly
(power-counting) renormalizable form:
〈A˜ Aµ (k)A˜ Bν (−k)〉
=iδAB
[
− gµν −
kµkν
k2+iǫ
k2 −M2 + iǫ −
β
kµkν
k2+iǫ
k2 − βM2 + iǫ
]
. (59)
For higher orders, see Appendix B.
V. PHYSICAL UNITARITY OF MASSLESS
YANG-MILLS THEORY
The S matrix or the scattering operator S is unitary:
1 = S†S = SS†. (60)
8This means that for any (initial) state Ψb ∈ V and any
(final) state Ψa ∈ V , the following relation holds:
〈Ψb|Ψa〉 =〈Ψb|S†S|Ψa〉 =
∑
Φn∈V
〈Ψb|S†|Φn〉〈Φn|S|Ψa〉,
(61)
which is obtained by inserting the complete set of states
{Φn} in the total state space V : 1 =
∑
Φn∈V
|Φn〉〈Φn|.
On the other hand, the physical unitarity of the S ma-
trix means that the S matrix is unitary on the physical
subspace Vphys: for any physical state Ψa,Ψb ∈ Vphys,
〈Ψb|Ψa〉 =
∑
Φn∈Vphys
〈Ψb|S†|Φn〉〈Φn|S|Ψa〉, (62)
where the physical subspace Vphys is defined by
Vphys := {|phys〉 ∈ V ; 〈phys|phys〉 ≥ 0} ⊂ V . (63)
The unitarity of the S matrix is rewritten in terms of
the scattering amplitude defined by
S = 1+ iT, (64)
into the relation:
− i(T − T †) = TT †. (65)
Then the unitarity relation reads that for any state
Ψa,Ψb ∈ V ,
Im〈Ψb|T |Ψa〉 := 1
2i
(〈Ψb|T |Ψa〉 − 〈Ψb|T †|Ψa〉)
=
1
2
∑
Φn∈V
〈Ψb|T |Φn〉〈Φn|T †|Ψa〉. (66)
On the other hand, the physical unitarity requires that
for any physical state Ψa,Ψb ∈ Vphys, only the physical
states contribute to the intermediate states:
Im〈Ψb|T |Ψa〉 = 1
2
∑
Φn∈Vphys
〈Ψb|T |Φn〉〈Φn|T †|Ψa〉. (67)
In other words, the physical unitarity in gauge theories
states that all the unphysical modes cancel in the inter-
mediate states. The imaginary part is calculated by the
Cutkosky cutting rule [34].
As a simple example, we consider a one-particle scat-
tering, i.e., a scattering process A → A in which the
initial state is a massless gluon and the final state is also
a massless gluon in the massless Yang-Mills theory as the
M = 0 case of the CF model. The Feynman rules in the
M = 0 case have been given in [33]. In the lowest order
of the perturbation theory, the Feynman graphs of this
process are given by Fig. 5. Each diagram has one closed
loop. The initial state and the final state of a gluon are
specified by the polarization vectors:
ε(σ)α(k) := εα, ε(σ)α
′
(k) := εα
′
. (68)
FIG. 5: In the massless case M = 0, the diagrams contribut-
ing to the amplitude T (A → A ) to the order g2 are given
by (a) vector boson loop, (b) ghost–antighost loop, (c) boson
tadpole.
=
FIG. 6: In the massless case M = 0, the physical unitarity
of the amplitude T (T± → T±) to the order g2 is checked
according to the Cutkosky rule using the diagrams: (a) vector
boson loop, (b) ghost–antighost loop.
For this process up to the order g2, we wish to check the
physical unitarity relation for the scattering amplitude
T . By applying the Cutkosky rule [34] to Fig. 5, we
find that the imaginary part of the scattering amplitude
T (T± → T±) from a transverse mode T± to a transverse
mode T± is given by Fig. 6. Here it should be remarked
that the tadpole diagram does not have the imaginary
part.
The imaginary part of the diagram Fig. 6(a) with a
gluon loop is given by
1
2
(ig)fABCVµνα(k1, k2, k3)
× (−ig)fABC′Vµ′ν′α′(−k1,−k2,−k3)
× 2πθ(k01)δ(k21)gµµ
′
2πθ(k02)δ(k
2
2)g
νν′εα(k3)ε
α′(−k3),
(69)
where we have adopted the Feynman gauge β = 1 for the
gluon propagator and the factor 1/2 is the symmetrical
factor due to two identical particles. This is written as
2g2π2fABCfABC′Tµνg
µµ′gνν
′
Tµ′ν′θ(k
0
1)δ(k
2
1)θ(k
0
2)δ(k
2
2),
(70)
where we have defined
Tµν := Vµνα(k1, k2, k3)ε
α(k3),
Tµ′ν′ := Vµ′ν′α′(−k1,−k2,−k3)εα
′
(−k3). (71)
In the massless case M = 0, the physical unitarity
requires the imaginary part of the sum of the second-
9order diagrams to be equal to
2g2π2fABCfABC′TµνP
µµ′P νν
′
Tµ′ν′
× θ(k01)δ(k21)θ(k02)δ(k22)
=
1
2
(ig)fABCVµνα(k1, k2, k3)
× (−ig)fABC′Vµ′ν′α′(−k1,−k2,−k3)
× 2πθ(k01)δ(k21)Pµµ
′
2πθ(k02)δ(k
2
2)P
νν′εα(k3)ε
α′(−k3)
=
1
2
2∑
a,b=1
(igfABCVµνα(k1, k2, k3))ε
µ
a(k1)ε
ν
b (k2)ε
α(k3)
× (igfABC′Vµ′ν′α′(k1, k2, k3))∗ε∗µ
′
a (k1)ε
∗ν′
b (k2)ε
α′(−k3)
× 2πθ(k01)δ(k21)2πθ(k02)δ(k22), (72)
which is obtained from (70) by the replacement:
gµµ
′ → Pµµ′ =
2∑
a=1
εµa(k1)ε
∗µ′
a (k1),
gνν
′ → P νν′ =
2∑
b=1
ενb (k2)ε
∗ν′
b (k2), (73)
where P correspond to the two transverse polarization
states for the massless spin-one modes T±.
By using the decomposition:
gµµ
′
= −Pµµ′ +Qµµ′ , Qµµ′ = (kµ1 k¯µ
′
1 + k¯
µ
1 k
µ′
1 )/(k1 · k¯1),
gνν
′
= −P νν′ +Qνν′ , Qνν′ = (kν2 k¯ν
′
2 + k¯
ν
2k
ν′
2 )/(k2 · k¯2),
(74)
the difference between (69)=(70) and (72) is calculated
from
gµµ
′
gνν
′ − Pµµ′P νν′
=− Pµµ′Qνν′ − P νν′Qµµ′ +Qµµ′Qνν′ , (75)
where Q are rewritten using the polarization vectors for
the longitudinal (L) and the scalar (S) modes:
Qµµ
′
= εµL(k1)ε
∗µ′
S (k1) + ε
µ
S(k1)ε
∗µ′
L (k1),
Qνν
′
= ενL(k2)ε
∗ν′
S (k2) + ε
ν
S(k2)ε
∗ν′
L (k2). (76)
By using the relationships:
Tµνε
µ
σ(k1)ε
ν
L(k2) = Tµνε
µ
L(k1)ε
ν
σ(k2)
=
{
(−i)k1αεα(k3) (σ = S)
0 (σ = T, L)
, (77)
and
Tµ′ν′ε
∗µ′
σ (k1)ε
∗ν′
L (k2) = Tµ′ν′ε
∗µ′
L (k1)ε
∗ν′
σ (k2)
=
{
ik1α′ε
α′(−k3) (σ = S)
0 (σ = T, L)
, (78)
+ +
FIG. 7: In the massless case M = 0, mode cancellations
occur to ensure the physical unitarity for the one-particle
amplitude T (T± → T±) for the transverse mode T to the
order g2. In the amplitude, two diagrams (a) from the lon-
gitudinal mode L and the scalar mode S are canceled by a
ghost-antighost C , C¯ diagram (b).
we find that the first and second term in the right-hand
side of (75) give vanishing contributions.
The relationship (77) is derived as follows. First, we
find
Vµνα(k1, k2, k3)ε
ν
L(k2)
=Vµνα(k1, k2, k3)k
ν
2
=(k1 − k2)αk2µ + (k2 − k3)µk2α + (k3 · k2 − k1 · k2)gαµ
=− k1αk1µ + k3αk3µ, (79)
where we have used k21 = 0 and k
2
3 = 0 for the massless
on-shell momenta. Then we have
Vµνα(k1, k2, k3)ε
µ
σ(k1)ε
ν
L(k2)ε
α(k3)
=− k1αεα(k3)k1µεµσ(k1) + k3αεα(k3)k3µεµσ(k1), (80)
where k3αε
α(k3) = 0 for the physical transverse mode,
while k1µε
µ
T (k1) = 0, k1µε
µ
L(k1) = −ik1µkµ1 = 0 for mass-
less on-shell k1, and k1µε
µ
S(k1) = i for massless on-shell
k1.
Thus, only the last term in (75) gives a nonvanishing
contribution:
4g2π2fABCfABC′k1αε
α(k3)k1α′ε
α′(−k3)
× θ(k01)δ(k21)θ(k02)δ(k22). (81)
This difference is exactly provided by the imaginary
part of the second diagram of Fig.6(b) with a ghost loop:
(−1)(−igfABCk1α)(igfABC′k1α′)εα(k3)εα
′
(−k3)
× 2πθ(k01)δ(k21)2πθ(k02)δ(k22)
=− 4g2π2fABCfABC′k1αεα(k3)k1α′εα
′
(−k3)
× θ(k01)δ(k21)θ(k02)δ(k22), (82)
where we have used the original gluon-ghost-antighost
vertex (given in [33] at ξ = 1/2 corresponding to α = 0),
1
2 igfABC(k1α−k2α) = igfABC(k1α+ 12k3α), and the prop-
erty of polarization vectors, k3αε
α(k3) = 0, to obtain the
first expression. Thus, the unitarity relation is satisfied
in the massless case M = 0.
The physical unitarity is ensured by mode cancella-
tions. See Fig. 7. The contributions from the longitu-
dinal mode L and the scalar mode S are canceled by a
ghost-antighost C , C¯ one.
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VI. PHYSICAL NONUNITARITY OF MASSIVE
YANG-MILLS THEORY
In this section, we reproduce the violation of physical
unitarity in the massive Yang-Mills theory without the
Higgs field based on the conventional argument, which
shows the utility of the massive field K in discussing the
physical unitarity of the CF model in the next section.
In order to see a difference between massless gauge
theory (M = 0) and massive vector theory (M 6= 0),
we consider the one-particle scattering, i.e., a scattering
process U → U in which the initial state is a massive
vector boson and the final state is also a massive vector
boson. Here Uµ is defined by
Uµ := Aµ − 1
M2
∂µN , or Aµ = Uµ +
1
M2
∂µN .
(83)
In the lowest order of the perturbation theory, the
Feynman diagrams of this process are given by the same
graphs as those in Fig. 5 where the propagators are re-
placed by the massive ones and the vertex functions are
unchanged. Therefore, the imaginary part is given by the
diagrams of Fig. 8.
The imaginary part of the diagram Fig. 8(a) with a
loop of massive vector boson is
1
2
(−ig)fABCVµνα(k1, k2, k3)
× (ig)fABC′Vµ′ν′α′(−k1,−k2,−k3)
× 2πθ(k01)δ(k21 −M2)gµµ
′
× 2πθ(k02)δ(k22 −M2)gνν
′
εα(k3)ε
α′(−k3), (84)
where the factor 1/2 is the symmetrical factor due to two
identical particles. The imaginary part (84) is written as
2g2π2fABCfABC′Tµνg
µµ′gνν
′
Tµ′ν′
× θ(k01)δ(k21 −M2)θ(k02)δ(k22 −M2), (85)
where we have defined
Tµν := Vµνα(k1, k2, k3)ε
α(k3),
Tµ′ν′ := Vµ′ν′α′(−k1,−k2,−k3)εα
′
(−k3). (86)
In the massive case M 6= 0, the physical unitarity re-
quires the imaginary part of the second-order diagram to
be equal to
2g2π2fABCfABC′TµνP
µµ′P νν
′
Tµ′ν′
× θ(k01)δ(k21 −M2)θ(k02)δ(k22 −M2)
=
1
2
(igfABCTµνε
µ
j (k1)ε
ν
ℓ (k2))
× (igfABC′Tµ′ν′εµ
′
j (k1)ε
ν′
ℓ (k2))
∗
× 2πθ(k01)δ(k21 −M2)2πθ(k02)δ(k22 −M2), (87)
FIG. 8: In the massive case M 6= 0, the physical unitarity
of the amplitude T (U → U) for the physical spin-one vector
mode U to the order g2 is checked according to the Cutkosky
rule using the diagrams: (a) vector boson loop, (b) ghost–
antighost loop. The physical unitarity is violated due to the
incomplete cancellation.
FIG. 9: In the massive case M 6= 0, the incomplete mode
cancellation among unphysical modes to the order g2 prevents
us from ensuring the physical unitarity for the one-particle
amplitude T (U → U) for the physical spin-one vector mode
U . In the amplitude, a diagram (a) from the scalar mode
S is overcanceled by a ghost-antighost diagram (b), leaving
one-half of (b) nonvanishing.
which is obtained from (85) by the replacement:
gµµ
′ → Pµµ′ =
3∑
j=1
εµ(j)(k1)ε
µ′
(j)(k1),
gνν
′ → P νν′ =
3∑
j=1
εν(j)(k2)ε
ν′
(j)(k2). (88)
Using the decomposition for M 6= 0:
gµµ
′
= −Pµµ′ + k
µ
1 k
µ′
1
M2
, gνν
′
= −P νν′ + k
ν
2k
ν′
2
M2
, (89)
where P selects three polarization states (T+, T−, L) for
the massive spin-one boson U , the difference between
(84)=(85) and (87) is calculated from
gµµ
′
gνν
′ − Pµµ′P νν′
=− Pµµ′ k
ν
2k
ν′
2
M2
− P νν′ k
µ
1 k
µ′
1
M2
+
kµ1 k
µ′
1
M2
kν2k
ν′
2
M2
. (90)
The contribution from the first term of the right-hand
side of (90) to (85) is given by
2g2
1
M2
π2fABCfABC′Tµνε
µ
j (k1)k
ν
2ε
µ′
j (k1)k
ν′
2 Tµ′ν′
× θ(k01)δ(k21 −M2)θ(k02)δ(k22 −M2). (91)
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This is zero, since
Tµνε
µ
j (k1)k
ν
2
= εµj (k1)Vµνα(k1, k2, k3)k
ν
2 ε
α(k3)
= εµj (k1)[−k1µk1α + k3µk3α + k21gµα − k23gµα]εα(k3)
= −k1µεµj (k1)k1αεα(k3) + k3µεµj (k1)k3αεα(k3)
= 0, (92)
where we have used k21 = k
2
3 and kµε
µ
(j)(k) = 0. Sim-
ilarly, the contribution from the second term of (90) is
vanishing. The third term of (90) gives
2g2π2fABCfABC′Tµν
kµ1 k
ν
2
M2
kµ
′
1 k
ν′
2
M2
Tµ′ν′ . (93)
Using the property:
Tµνk
µ
1 k
ν
2 = −k21k1αεα(k3) + k1 · k3k3αεα(k3)
= −M2k1αεα(k3), (94)
we obtain the difference:
2g2π2fABCfABC′k1αε
α(k3)k1α′ε
α′(−k3)
× θ(k01)δ(k21 −M2)θ(k02)δ(k22 −M2). (95)
This difference must be provided by the imaginary part
of the diagram Fig. 8(b) with a loop of massive ghost
which is given by
(−1)εα(k3)εα
′
(−k3)(−igfABCk1α)(igfABC′(−k2α′))
× 2πθ(k01)δ(k21 −M2)2πθ(k02)δ(k22 −M2)
=− 4g2π2fABCfABC′k1αεα(k3)k1α′εα
′
(−k3)
× θ(k01)δ(k21 −M2)θ(k02)δ(k22 −M2), (96)
where we have used k2 = −k1 − k3 and k3αεα(k3) = 0.
The ghost contribution (96) is precisely of the same form
as (95) and comes with the opposite sign. However, the
massive vector contribution (95) cancels against half the
massive ghost contribution (96). See Fig.9.
Thus, it is found that there is a discrete difference be-
tween massless theories and massive theories. This means
that the massless theory cannot be obtained as a limiting
case of the massive theory. The origin of the difference
goes back to the difference between the sum over polar-
izations. In the next section, we re-examine the physical
unitarity in the the CF model based on our method.
VII. PERTURBATIVE ANALYSIS OF
PHYSICAL UNITARITY IN THE CF MODEL
In order to re-examine the physical unitarity in the
massive Yang-Mills theory, i.e., the CF model, we con-
sider the simplest case of the one-particle amplitude
T (K → K ) in the perturbation theory, as considered
in [5].
K
FIG. 10: In the massive case M 6= 0, the physical unitarity
of the amplitude T (K → K ) to the order g2 is checked ac-
cording to the Cutkosky rule using the diagrams: (a) massive
vector boson, (b) ghost–antighost, (c) NL field.
According to the Cutkosky rules, the physical unitarity
up to the order g2 is checked by calculating the diagrams
in Fig. 10 with one closed loop.
The imaginary part for the diagram Fig. 10(a) is
(a)CC
′
αα′ :=
(
1
2
)
(ig)fABCV
µνα(k1, k2, k3)
× (−ig)fA′B′C′V µ
′ν′α′(−k1,−k2,−k3)
× 2πθ(k01)δAA
′
Iµµ′(k1)2πθ(k
0
2)δ
BB′Iνν′(k2),
(97)
where we have defined
Iµν (k) :=δ(k
2 −M2)
(
gµν − kµkν
M2
)
. (98)
Remember that the three polarization vectors ε
(j)
µ (k)(j =
1, 2, 3) for the spin-one massive vector field Kµ obey the
relation:
3∑
j=1
ε(j)µ (k1)ε
(j)∗
µ′ (k1) = −gµµ′ +
k1µk1µ′
M2
,
3∑
j=1
ε(j)ν (k2)ε
(j)∗
ν′ (k2) = −gνν′ +
k2νk2ν′
M2
. (99)
Therefore, (a) is a physical contribution coming from the
spin-one massive vector boson K . The physical unitarity
requires that the contributions other than (a), i.e., the
contributions (b) and (c) from the unphysical fields C , C¯
and N are canceled in the same order of the coupling.
Therefore, we consider the contributions from unphysical
fields.
The imaginary part for the diagram Fig. 10(b) with a
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FIG. 11: In the massive case M 6= 0, incomplete mode
cancellations violate the physical unitarity for the one-particle
amplitude to the order g2.
closed loop of the massive FP ghost and antighost reads
(b)CC
′
αα′
:=(−1)(−ig)fABC{M−2Vα(k1, k2, k3) + k1α − k2α}
× igfA′B′C′{M−2Vα′(k1, k2, k3) + k1α′ − k2α′}
× 2πθ(k01)δ(k21 − βM2)2πθ(k02)δ(k22 − βM2)
=− 4g2π2fABCfABC′{M−2Vα(k1, k2, k3) + k1α − k2α}
× {α→ α′}θ(k01)δ(k21 − βM2)θ(k02)δ(k22 − βM2).
(100)
The imaginary part of the diagram (c) with a closed
loop of the NL field reads
(c)CC
′
αα′
:=
(
1
2
)
(−i) g
M2
fABC{M−2Vα(k1, k2, k3) + k1α − k2α}
× i g
M2
fA′B′C′{M−2Vα′ (k1, k2, k3) + k1α′ − k2α′}
×M22πθ(k01)δ(k21 − βM2)δAA
′
M2
× 2πθ(k02)δ(k22 − βM2)δBB
′
=2g2π2fABCfABC′{M−2Vα(k1, k2, k3) + k1α − k2α}
× {α→ α′}θ(k01)δ(k21 − βM2)θ(k02)δ(k22 − βM2).
(101)
Hence, adding the NL loop (c) to the ghost loop (b) yields
the half of (b): (b) + (c) = 12 (b), since (c) = − 12 (b).
Therefore, we have shown the CF model does not satisfy
the physical unitarity for the M 6= 0 case independently
from β in the perturbation theory. The incomplete can-
cellations of the unphysical modes against the physical
unitarity are summarized in Fig. 11. This result should
be compared with the massless case where the physical
modes in the massless caseM = 0 are the two transverse
parts.
In the massless case M = 0, for the amplitude T → T
of the transverse mode T±, two diagrams (a) from the
longitudinal mode L and the scalar mode S are canceled
by a ghost-antighost C , C¯ diagram (b). The NL mode
N is nonpropagating in the massless case and does not
contribute to this cancellation.
In the massive caseM 6= 0, for the amplitude K → K
of a physical particle K , a diagram (a) from the scalar
mode S (= the NL mode N ) is not sufficient to can-
cel the ghost-antighost C , C¯ diagram (b). An additional
bosonic contribution is necessary to realize the complete
cancellation.
In the massless case M = 0, the physical modes are
given by two transverse modes T±. Then the two un-
physical modes in the gluon, i.e., the longitudinal mode
L and the scalar mode S are canceled by a ghost and
antighost C , C¯ . Two bosonic modes are exactly canceled
by two fermionic (anticommuting) modes. It should be
remarked that the scalar mode is identified with the NL
mode N , which is non-propagating in the massless case.
T+, T− , L, S(= N : nonpropagating);C , C¯ (102)
In the massive case M 6= 0, the physical modes are
given by a longitudinal and two transverse modes. A re-
maining unphysical mode, i.e., a scalar mode is not suf-
ficient to cancel the ghost and antighost contributions.
Therefore, the elementary fields in the original action of
the CF model are not sufficient to respect the physical
unitarity. There must be a mechanism which supplies the
CF model with an extra (bosonic) mode. (Note that the
NL field N is propagating in the massive case and there-
fore the NL mode is expected to play the important role
in the cancellation in the massive case, in sharp contrast
to the massless case. However, the NL mode is identical
to the scalar mode on mass shell and hence cannot be
counted as another independent field.)
T+, T−, L , S = N ;C , C¯ . (103)
Finally, we discuss how to avoid the violation of phys-
ical unitarity. The violation of the physical unitarity is
avoided by restricting the relevant energy to the low-
energy region such that the ghost and antighost pair can-
not be created. This can be done by adjusting the pa-
rameter in the CF model. Since the ghost and antighost
have the same mass
√
βM , the allowed region is
E < 2
√
βM, E2 < 4βM2. (104)
A shortcoming of this scenario is that β = 0 is not al-
lowed to maintain physical unitarity, since the results of
numerical simulations on the lattice are available only in
this case β = 0.
At first glance, the cancellation of unphysical modes
works well even in the massive case by using the argument
similar to that done in the gauge-Higgs model with the
renormalizable Rξ gauge. The pole masses of unphysical
fields C , C¯ ,N are the same:
m2C = m
2
C¯
= m2N = βM
2. (105)
In the limit β →∞, unphysical fields C , C¯ ,N decouple
from the theory, leaving the physical field Kµ in the the-
ory. Therefore, it seems that the physical unitarity holds
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even in the massive case. However, this is not the case,
as we have shown in the above. What is wrong in this
argument? This argument is based on the fact that β
is a gauge-fixing parameter and the physics does not de-
pend on this parameter β, which is indeed shown in the
massless caseM = 0. However, even the BRST-invariant
quantities depend on β forM 6= 0. Therefore, the physics
depends on β for M 6= 0, and the physics for β → ∞ is
different from that for β < ∞. In this sense, the above
result, i.e., violation of physical unitarity in the massive
case, does not contradict this argument.
In order to maintain the physical unitarity in the mas-
sive Yang-Mills theory without the Higgs field, therefore,
we need a nonperturbative approach, which will be given
in subsequent papers in preparation.
VIII. CONCLUSION AND DISCUSSION
In order to understand color confinement in QCD in
the light of recent developments, we have considered a
“massive” Yang-Mills model without the Higgs field, es-
pecially, the CF model, since the CF model is regarded
as a good low-energy effective theory of QCD and it is
much simpler than the refined Gribov-Zwanziger model,
see e.g., [22].
We have examined the physical unitarity of the CF
model which is known to be renormalizable. For this
purpose, we have used the field K Aµ (x) with the following
properties:
(i) K is invariant under an extended BRST transfor-
mation, δ′Kµ(x) = 0 (off shell).
(ii) K is divergenceless, ∂µKµ(x) = 0 (on shell).
(iii) K transforms according to the adjoint representa-
tion under color rotation. Kµ(x)→ UKµ(x)U−1
(iv) K is invariant under the FP conjugation.
Kµ(x)→ Kµ(x)
Thus, we have identified K Aµ with a physical and massive
vector field with correct degrees of freedom as a non-
Abelian spin-one massive vector boson. K is obtained
by a nonlinear but local transformation from the original
fields in the CF model.
We have checked in a new perturbative treatment
whether or not the CF model satisfies the physical unitar-
ity. Then we have confirmed the violation of the physical
unitarity in the perturbative treatment and we have clar-
ified the reason in the massive Yang-Mills theory without
the Higgs field. The perturbative analysis for the physi-
cal unitarity imposea a restriction on the valid energy to-
gether with the parameter of the CF model: E2 < 4βM2
in order to confine unphysical modes (ghost, antighost,
scalar mode). However, β = 0 is not allowed in this
scenario.
The conclusion obtained in this paper still leaves a pos-
sibility that the nonperturbative approach can modify
the conclusion. In a subsequent paper, indeed, we will
propose a scenario in which the physical unitarity can be
recovered in the CF model thanks to the FP conjugation
invariance. Indeed, we will show that the norm cancella-
tion is automatically guaranteed from the Slavnov-Taylor
identities if the ghost-antighost bound state exists. In
this way, the physical unitarity can be recovered in a
nonperturbative way. To show the existence of the bound
state of ghost and antighost, the Nambu-Bethe-Salpeter
equation is to be solved. This is a hard work to be tackled
in subsequent papers.
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Appendix A: Change of variables
The original theory is given by
ZmYM =
∫
DA DCDC¯DN eiStotmYM[A ,C ,C¯ ,N ]. (A1)
The exact change of variables, Aµ,C , C¯ ,N →
Kµ,C , C¯ ,N , could be performed through the relation-
ship A = A˜ [Kµ,C , C¯ ,N ] according to
ZmYM =
∫
DK DCDC¯DN
∣∣∣ ∂(A˜ )
∂(K )
∣∣∣eiStotmYM[A˜ ,C ,C¯ ,N ]
=
∫
DK DCDC¯DN eiStotmYM[K ,C ,C¯ ,N ], (A2)
where
StotmYM[K ,C , C¯ ,N ] := S
tot
mYM[A˜ ,C , C¯ ,N ]− i lnJ,
(A3)
where J is the Jacobian associated with the change of
variables from Aµ,C , C¯ ,N in the original Lagrangian
to Kµ,C , C¯ ,N in the new theory.
We proceed to check the modified BRST (mBRST) in-
variance of the new theory. The action is mBRST invari-
ant by construction. We have already shown that the in-
tegration measure DA DCDC¯DN is mBRST invariant.
The mBRST invariance of the measure DK DCDC¯DN
is also checked in the same way. Therefore, the Jacobian
J must be mBRST invariant too, i.e., δ′J = 0.
However, we do not know the exact expression of
A = A˜ [Kµ,C , C¯ ,N ] as a functional of Kµ,C , C¯ ,N ,
although we know the exact expression of K =
K˜ [Aµ,C , C¯ ,N ] as a functional of Aµ,C , C¯ ,N as given
in (29). We know just the order by order relation for
A = A˜ [Kµ,C , C¯ ,N ] as given in (37). Hence we can
calculate the Jacobian J order by order of the coupling
constant g. Thus, the mBRST invariance of J can be
checked order by order in the coupling constant g, al-
though the full mBRST invariance cannot be checked
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because we do not know the exact form of J . Here it
should be remarked that δ′N = M2C and δ′C¯ = iN
do not change the order, while δ′C = − 12g(C × C ) and
δ′Aµ = Dµ[A ]C increase the order of g by one.
In fact, the Jacobian J is calculated as follows. The
integration measure is transformed as
DA DCDC¯DN = DK DC ′DC¯ ′DN ′ J. (A4)
The Jacobian J is calculated as
J−1 =Det
[
δK Aµ (x)
δA Bν (y)
]
=Det
[
δνµ(δ
AB − gM−2fABCN C
+ g2M−2fACEfBFEiC¯CC F )δD(x− y)
]
,
(A5)
where we have used
K Aµ =A
A
µ −
1
M2
∂µN
A
− g
M2
fABCA Bµ N
C +
g
M2
fABC∂µC
BiC¯C
+
g2
M2
fAECfEGFA Gµ C
F iC¯C . (A6)
Applying the formula:
Det(1 +X)
= exp[tr ln(1 +X)]
= exp
[
tr(X)− 1
2
tr(X2) +
1
3
tr(X3)− 1
4
tr(X4) + ...
]
,
(A7)
to
XAB = −gM−2fABCN C + g2M−2fACEfBFEiC¯CC F .
(A8)
we find that the order g contribution (from the NL field)
vanishes due to fAAC = 0:
J−1 =
∏
x
exp
[ 1
2
g2M−4NcN ·N + g2M−2NciC¯ · C
+
1
3
g3M−6fABEfBCFfCAGN EN FN G
− g3M−4fABEfBCF fCAGN EiC¯ FCG +O(g4)
]
,
(A9)
where we have used fAECfAEF = Ncδ
CF Therefore, the
correction from the measure to the Lagrangian density
begins with the order g2. In other words, J = 1 up to
the order g.
This is also checked by using the relationship up to the
order g (37):
δA Aµ (x)
δK Bν (y)
= δνµ(δ
AB+gM−2fABCN C)δD(x−y)+O(g2).
(A10)
Thus, the Lagrangian density L1 = L1[K ,C , C¯ ,N ] up
to the order g does not change and remains in the form
(40), and the calculation obtained using L1 (40) is not
affected.
Appendix B: Lagrangian and Feynman rules in the
order g2
The relation A = A˜ [Kµ,C , C¯ ,N ] up to the order g2
is obtained as
Aµ =Kµ +
1
M2
∂µN − g
M2
iC¯ × ∂µC
+
g
M2
Kµ ×N + g
M4
∂µN ×N
− g
2
M4
(iC¯ × ∂µC )×N + g
2
M4
(Kµ ×N )×N
+
g2
M6
(∂µN ×N )×N − g
2
M2
iC¯ × (Kµ × C )
− g
2
M4
iC¯ × (∂µN × C ) + O(g3). (B1)
The transformation (B1) leads to
δA Aµ (x)
δK Bν (y)
=δνµ(δ
AB + gM−2fABCN C
− g2M−4fACEfBFEN CN F
− g2M−2fACEfBFEiC¯CC F )δD(x− y)
+O(g3). (B2)
Indeed, this gives the same Jacobian as (A9) up to the
order g2. In order to check the consistency of the Ja-
cobian (A9), therefore, we must obtain the Lagrangian
density L2 in the order g2.
We must take into account the correction coming from
the Jacobian J in obtaining the Lagrangian density L2 =
L2[K ,C , C¯ ,N ] in the order g2. Then the Lagrangian
density L2 in the order g2 is obtained as follows.
L2 =
∑
∗=a,b,c,d,e,f,g,h
L
(∗)
2 − i lnJ(g2),
L
(a)
2 =−
g2
4
(Kµ ×Kν)2,
L
(b)
2 =+
g2
2M4
(∂µKν ×N )2
− g
2
2M4
(∂µKν ×N ) · (∂νK µ ×N )
+
g2
2M4
(Kµ ×Kν) · (∂µN × ∂νN )
− g2M−4(Kµ ×N ) · (∂µK ν × ∂νN )
+ g2M−4(Kµ ×N ) · (∂νK µ × ∂νN )
− g
2
2M2
(K µ ×N )2,
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L
(c)
2 =+ g
2M−6(∂νK µ ×N ) · (∂µN × ∂νN ),
L
(d)
2 =−
g2
4M8
(∂µN × ∂νN )2 + g
2
2M6
(∂µN ×N )2,
L
(e)
2 =− g2M−2(∂µ∂µK ν × iC¯ ) · (Kν × C )
+ g2M−2(∂ν∂µK
µ × iC¯ ) · (Kν × C )
+ g2M−2(∂µK ν ×Kµ) · (iC¯ × ∂νC )
− g2M−2(∂νK µ ×Kµ) · (iC¯ × ∂νC )
+ g2M−2(K µ ×K ν) · (i∂µC¯ × ∂νC )
+ g2(Kµ × C ) · (K µ × iC¯ ),
L
(f)
2 =− g2M−4(∂µ∂µK ν × iC¯ ) · (∂νN × C )
+ g2M−4(∂µ∂
νK µ × iC¯ ) · (∂νN × C )
+ g2M−2(∂µN × C ) · (K µ × iC¯ )
+ g2M−2(K µ ×N ) · (i∂µC¯ × C ),
L
(g)
2 =−
g2
2M6
(i∂µC¯ × ∂νC ) · (∂µN × ∂νN )
+ g2M−4(∂µN ×N ) · (i∂µC¯ × C )
− g2M−4(∂µN ×N ) · (iC¯ × ∂µC ),
L
(h)
2 =−
g2
2M4
(i∂µC¯ × ∂νC )2 + g
2
2M2
(iC¯ × ∂µC )2
+
g2
2M4
(i∂µC¯ × ∂νC ) · (i∂νC¯ × ∂µC )
− g
2
M2
(iC¯ × ∂µC ) · (i∂µC¯ × C )
+
β
4
(iC¯ × C )2. (B3)
The following are the Feynman rules for the vertex
functions of the order g2 obtained from (B3).
(a) K K K K vertex:
〈K Aµ (k1)K Bν (k2)K Cρ (k3)K Dσ (k4)〉
=− g2WABCDµνρσ , (B4)
with
WABCDµνρσ =(f
AC,BD − fAD,CB)gµνgρσ
+ (fAB,CD − fAD,BC)gµρgνσ
+ (fAC,DB − fAB,CD)gµσgνρ,
fAB,CD =fABEfCDE . (B5)
(b) K K N N vertex:
〈K Aµ (k1)K Bν (k2)N C(k3)N D(k4)〉
=− g
2
M2
gµν(f
AC,BD + fAD,BC)
− g
2
M4
gµν
[
(k1 · k3 + k2 · k4 + k1 · k2)fAC,BD
+ (k1 · k4 + k2 · k3 + k1 · k2)fAD,BC
]
+
g2
M4
[
(k1νk2µ + k1νk3µ + k4νk2µ)f
AC,BD
+ (k1νk2µ + k1νk4µ + k3νk2µ)f
AD,BC
]
+
g2
M4
fAB,CD(k3νk4µ − k3µk4ν). (B6)
(c) K N N N vertex:
〈K Aµ (k1)N B(k2)N C(k3)N D(k4)〉
=
ig2
M6
[
(k1 · k2)(fAD,BCk3µ + fAC,BDk4µ)
+ (k1 · k3)(fAD,CBk2µ + fAB,CDk4µ)
+ (k1 · k4)(fAC,DBk2µ + fAB,DCk3µ)
]
. (B7)
(d) N N N N vertex:
〈N A(k1)N B(k2)N C(k3)N D(k4)〉
=− g
2
M8
kµ1 k
ν
2k
ρ
3k
σ
4W
ABCD
µνρσ
− g
2
M6
{
(k1 · k2 + k3 · k4)(fAC,BD + fAD,BC)
+ (k1 · k3 + k2 · k4)(fAB,CD + fAD,CB)
+ (k1 · k4 + k2 · k3)(fAB,DC + fAC,DB)
}
. (B8)
(e) K K CC¯ vertex:
〈K Aµ (k1)K Bν (k2)C¯ C(k3)CD(k4)〉
=−M2〈K Aµ (k1)K Bν (k2)N C(k3)N D(k4)〉. (B9)
(f) K N C C¯ vertex:
〈K Aµ (k1)N B(k2)C¯ C(k3)CD(k4)〉
=
ig2
M2
(fAB,CDk3µ − fAC,BDk2µ)
+
ig2
M4
[k21k2µ − (k1 · k2)k1µ]fAC,BD. (B10)
(g) N N CC¯ vertex:
〈N A(k1)N B(k2)C¯ C(k3)CD(k4)〉
=
g2
M4
[(k1 · k4) + (k2 · k3)− (k1 · k3)− (k2 · k4)]fAB,CD
+
g2
2M6
[(k1 · k4)(k2 · k3)− (k1 · k3)(k2 · k4)]fAB,CD.
(B11)
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(h) C C¯C C¯ vertex:
〈C¯A(k1)CB(k2)C¯ C(k3)CD(k4)〉
=(fAB,CD + fAD,BC)
×
[
β
2
g2 − g
2
M2
(k2 · k4)− g
2
M4
(k1 · k3)(k2 · k4)
]
+
g2
M2
[
(k1 · k4 + k2 · k3)fAB,CD
+ (k1 · k2 + k3 · k4)fAD,BC
]
+
g2
M4
[
(k1 · k4)(k2 · k3)fAB,CD
+ (k1 · k2)(k3 · k4)fAD,BC
]
. (B12)
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